On the final fate of compact boson star mergers by Bezares, Miguel et al.
On the final fate of compact boson star mergers
Miguel Bezares1, Carlos Palenzuela1, Carles Bona1
1Departament de F´ısica & IAC3, Universitat de les Illes
Balears and Institut d’Estudis Espacials de Catalunya,
Palma de Mallorca, Baleares E-07122, Spain
Boson stars, self-gravitating objects made of a complex scalar field, have been proposed
as simple models for very different scenarios, ranging from galaxy dark matter to black hole
mimickers. Here we focus on a very compact type of boson stars to study binary mergers
by varying different parameters, namely the phase shift, the direction of rotation and the
angular momentum. Our aim is to investigate the properties of the object resulting from
the merger in these different scenarios by means of numerical evolutions. These simulations,
performed by using a modification of the covariant conformal Z4 (CCZ4) formalism of the
Einstein Equations that does not require the algebraic enforcing of any constraint, indicate
that the final state after a head-on collision of low mass boson stars is another boson star.
However, almost complete annihilation of the stars occurs during the merger of a boson-
antiboson pair. The merger of orbiting boson stars form a rotating bar that quickly relaxes
to a non-rotating boson star.
I. INTRODUCTION
One of the most prominent opportunities in
the rising era of gravitational wave (GW) as-
tronomy is to study the strong-gravity regime
through the signals produced during the coales-
cence of compact objects. Very recently, LIGO
detectors observed the first GW signals consis-
tent with binary black hole mergers [1, 2], al-
though other sources could produce comparable
waveforms [3–5]. Consequently, these observa-
tions are already setting bounds both on the na-
ture of these objects and on alternative theories
of gravity [6, 7].The next most likely candidate
to be detected by GWs is the coalescence of bi-
nary neutron stars. Neutron stars are very com-
pact objects, usually possessing strong magnetic
field, which existence has been confirmed with
the observations of several binary pulsar systems
on the electromagnetic (EM) band for several
decades already (see for instance [8]).
In addition to these known sources, gravita-
tional waves can allow us to find unexpected as-
trophysical compact objects with low brightness,
known generically as Exotic Compact Objects
(ECOs). One of the most plausible ECO candi-
dates are the boson stars (BSs), self-gravitating
objects made of complex scalar field [9, 10]. Even
if their existence is still under debate due to the
lack of any observational evidence, boson stars
provide a simple and useful model to study com-
pact bodies in very different scenarios, ranging
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2from dark matter candidates to black hole mim-
ickers. The maximum compactness GM/c2R of
the boson star depends on the self-interaction
terms of its associated potential, and ranges
from O(10−3) for mini-boson stars to O(10−1)
for non-topological solitonic BS [11, 12].
Despite the simplicity of these smooth solu-
tions, there are only few studies on binary boson
star collisions within General Relativity. Pre-
liminary head-on collisions of mini-boson stars
were first studied in [13] within a 3D code. The
dynamics of the merger, which showed an in-
teresting interference pattern, was further ana-
lyzed in [14] with and axisymmetric code. Ultra-
relativistic collisions were considered in [15], and
head-on and orbital mergers of non-identical bo-
son stars in [16, 17]. Other related works include
the study of the orbital case within the confor-
mally flat approximation instead of full GR [18],
and head-on collision of oscillatons [19], a solu-
tion analogous to BS but using just a real scalar
field. Much more recently, collisions of solitonic
boson stars has been numerically performed [5],
leading to dynamics qualitatively similar to the
observed for mini-boson stars.
This work aims to extend these recent numer-
ical studies of solitonic boson stars by exploring
a wider parameter space on the initial head-on
configurations. We also consider binaries of iden-
tical solitonic boson stars with angular momen-
tum to study whether the formation of a rotat-
ing boson star as a final state is possible. Our
results indicate that, at least for the low mass
boson stars considered here1, the head-on col-
lision generically produce another boson star if
the phase shift is not too close to pi. However,
the orbiting binary will not lead to a rotating
boson star, but to a non-rotating one. This is
probably due to the quantization of the angular
momentum, and implies that the massive boson
star formed by the merger must shed its excess
of angular momentum by emitting GW and, in
some cases, very rapid blobs of scalar field.
Our simulations will be performed by using
a novel modification of the CCZ4 formalism [20]
that treats all the constraints in the same man-
ner. A common feature of the current confor-
mal formulations, like the different flavors of
BSSN[21, 22] and CCZ4 [20, 23], is that a subset
of the constraints of the system must be enforced
after each time step of the simulation in order to
obtain a stable evolution. Although this feature
does not present a problem when using explicit
time integrators, it might be not so straightfor-
ward for more sophisticated numerical methods
or for automatically generated codes [24]. We
introduce new terms in some of the equations to
ensure that the full system is strongly hyperbolic
(and well posed) and that the constraints are dy-
namically enforced during the evolution. Hence,
our modified CCZ4 formalism does not require
the algebraic enforcing of any constraint.
The paper is organized as follows. In sec-
tion II the Einstein-Klein-Gordon (EKG) evo-
1 The merger of high mass boson stars leads to the for-
mation of a black hole [5]
3lution system is described in some detail. In
particular, after a short summary on the CCZ4
formulation, we introduce novel modifications to
avoid the algebraic enforcing of the constraints.
In section III the implementation of the evolu-
tion equations is briefly discussed, together with
several numerical spacetimes –robust stability
test, gauge waves and single solitonic boson star–
to test our evolution system. We study the dy-
namics of binary boson stars in Section IV by
analyzing our numerical simulations of head-on
and orbiting cases. Finally, we present our con-
clusion in section V. Throughout this paper, Ro-
man letters from the beginning of the alphabet
a, b, c, ... denote space-time indices ranging from
0 to 3, while letters near the middle i, j, k, ...
range from 1 to 3, denoting spatial indices. We
also use geometric units in which G = c = 1,
unless otherwise stated.
II. EVOLUTION SYSTEM
The interaction between scalar-field matter
and gravity, required to study the dynamics
of boson stars, is given by the Einstein-Klein-
Gordon equations. We adopt the CCZ4 formal-
ism of the Einstein equations, which is briefly
summarized next. We stress the modifications
with respect to previous works and perform a
characteristic analysis of the resulting system.
The evolution equations for the complex scalar
field are also described.
A. CCZ4 formalism
The Z4 formalism was first proposed as a
covariant extension of Einstein equations to
achieve an hyperbolic evolution system free of
elliptic constraints [25, 26]. The equations of
motion, which might also be derived from a
Palatini-type variation [27], are
Rab +∇aZb +∇aZb = 8pi
(
Tab − 1
2
gab trT
)
+ κz (naZb + nbZa − gabncZc) , (1)
where Rab is the Ricci tensor associated to the
spacetime metric gab, Tab is the stress-energy
tensor (with trace trT ≡ gabTab) and Za is a new
four-vector which measures the deviation from
Einstein’s solutions. Although the original for-
mulation, corresponding to the choice κz = 0,
was completely covariant, additional damping
terms were included to enforce a dynamical de-
cay of the constraint violations associated to Za.
As it is shown in [28], all the physical constraint
modes are exponentially damped if κz > 0. How-
ever, since the damping terms are proportional
to the unit normal of the time slicing na, the
full covariance of the system is lost due to the
presence of a privileged time vector.
A conformal and covariant version of the Z4
(CCZ4) can be obtained from the 3+1 decom-
position of the evolution equations by using con-
formal variables [20] (i.e., see also [23] for other
conformal but non-covariant Z4 formulations).
Since this formulation is the starting point to
our modifications, we first briefly summarize the
4derivation of the equations.
The first step involves writing the line ele-
ment by using the 3+1 decomposition, namely
ds2 = −α2 dt2+γij
(
dxi+βidt
)(
dxj+βjdt
)
, (2)
where α is the lapse function, βi is the shift
vector and γij is the induced metric in each
spatial foliation. In this foliation geometry
we can define the normal to the hypersurfaces
na = (−α, 0) and the extrinsic curvature Kij ≡
−12Lnγij , where Ln is the Lie derivative along
na. Therefore, the Z4 formalism given by eq. (1),
together with the metric decomposition eq. (2)
and these definitions, lead to evolution equations
for the evolved fields {γij ,Kij , Zi,Θ}, where we
have defined Θ ≡ −naZa.
In the second step a conformal decomposition
is applied to the evolved fields. A conformal met-
ric γ˜ij with unit determinant and a conformal
trace-less extrinsic curvature A˜ij can be defined
as
γ˜ij = χγij , (3)
A˜ij = χ
(
Kij − 1
3
γij trK
)
, (4)
where trK ≡ γijKij . These definitions lead to
the following new constraints
γ˜ = 1 , trA˜ ≡ γ˜ijA˜ij = 0, (5)
which will be denoted as conformal constraints
from now on to distinguish them from the physi-
cal constraints associated to Za. Notice that now
the evolved fields are {χ, γ˜ij , trK, A˜ij , Zi,Θ}.
Instead of using trK and Zi, it is more con-
venient to use the following quantities
trKˆ ≡ trK − 2 Θ, (6)
Γˆi ≡ Γ˜i + 2
χ
Zi, (7)
so that the evolution equations are closer to
those in the BSSN formulation [21, 22], where
the quantity Γ˜i = γ˜jk Γ˜ijk = −∂j γ˜ij is directly
evolved. Therefore, the final list of evolved
fields become {χ, γ˜ij , trKˆ, A˜ij , Γˆi,Θ}, following
the evolution equations
5∂tγ˜ij = β
k∂kγ˜ij + γ˜ik ∂jβ
k + γ˜kj∂iβ
k − 2
3
γ˜ij∂kβ
k − 2α
(
A˜ij − λ0
3
γ˜ij trA˜
)
− κc
3
αγ˜ij ln γ˜, (8)
∂tA˜ij = β
k∂kA˜ij + A˜ik∂jβ
k + A˜kj∂iβ
k − 2
3
A˜ij∂kβ
k − κc
3
α γ˜ij trA˜ (9)
+ χ
[
α
(
(3)Rij +∇iZj +∇jZi − 8pi Sij
)−∇i∇jα ]TF + α(trKˆ A˜ij − 2A˜ikA˜kj),
∂tχ = β
k∂kχ+
2
3
χ
[
α(trKˆ + 2 Θ)− ∂kβk
]
, (10)
∂ttrKˆ = β
k∂ktrKˆ −∇i∇iα+ α
[
1
3
(
trKˆ + 2Θ
)2
+ A˜ijA˜
ij + 4pi
(
τ + trS
)
+ κzΘ
]
+ 2Zi∇iα, (11)
∂tΘ = β
k∂kΘ +
α
2
[
(3)R+ 2∇iZi + 2
3
tr2Kˆ +
2
3
Θ
(
trKˆ − 2Θ
)
− A˜ijA˜ij
]
− Zi∇iα
− α
[
8pi τ + 2κz Θ
]
, (12)
∂tΓˆ
i = βj∂jΓˆ
i − Γˆj∂jβi + 2
3
Γˆi∂jβ
j + γ˜jk∂j∂kβ
i +
1
3
γ˜ij∂j∂kβ
k
− 2A˜ij∂jα+ 2α
[
Γ˜ijkA˜
jk − 3
2χ
A˜ij∂jχ− 2
3
γ˜ij∂jtrKˆ − 8pi γ˜ij Si
]
+ 2α
[
−γ˜ij
(
1
3
∂jΘ +
Θ
α
∂jα
)
− 1
χ
Zi
(
κz +
2
3
(trKˆ + 2Θ)
)]
, (13)
where the expression [. . .]TF indicates the trace-
free part with respect to the metric γ˜ij . The
non-trivial terms inside this expression can be
written as
(3)Rij + 2∇(iZj) = (3)Rˆij + Rˆχij ,
Rˆχij =
1
2χ
∂i∂jχ− 1
2χ
Γ˜kij∂kχ
− 1
4χ2
∂iχ∂jχ+
2
χ2
Zkγ˜k(i∂j)χ
+
1
2χ
γ˜ij
[
γ˜km
(
∂k∂mχ− 3
2χ
∂kχ∂mχ
)
− Γˆk∂kχ
]
,
(3)Rˆij = −1
2
γ˜mn∂m∂nγ˜ij + γ˜k(i∂j)Γˆ
k
+ ΓˆkΓ˜(ij)k + γ˜
mn
(
Γ˜kmiΓ˜jkn
+ Γ˜kmjΓ˜ikn + Γ˜
k
miΓ˜knj
)
,
∇i∇jα = ∂i∂jα− Γ˜kij∂kα+
1
2χ
(
∂iα∂jχ
+ ∂jα∂iχ− γ˜ij γ˜km ∂kα∂mχ
)
,
The matter terms are computed by contract-
ing the stress-energy tensor, namely
τ = na nb T
ab = α2 T 00, (14)
Si = −naTai ≡ S˜i
χ
, Sij = Tij ≡ S˜ij
χ2
, (15)
S˜i = α γ˜ik
(
T 0k + βk T 00
)
, (16)
S˜ij = γ˜ik γ˜jm β
kβm T 00 +
(
γ˜ik βj + γ˜jk βi
)
T 0k
+ γ˜ik γ˜jm T
km, (17)
The evolution equations (8-13) are equivalent
to those obtained in [20], by defining the confor-
mal factor χ = γ−1/3 instead of φ = γ−1/6, ex-
cept by two significant differences. First, there
is a new term proportional to trA˜. This term,
which was already suggested in [20], is crucial
to obtain a well-posed evolution system if the
algebraic conformal constraints ln γ˜ = trA˜ = 0
are not enforced during the evolution. Second,
6damping terms proportional to κc have been in-
cluded in order to dynamically control the con-
formal constraints, exactly in the same way as it
is done with the physical ones.
In order to close the system of equations,
coordinate (or gauge) conditions for the evolu-
tion of the lapse and shift must be supplied.
We use the Bona-Masso´ family of slicing con-
ditions [29] and the Gamma-driver shift condi-
tion [30], namely
∂tα = β
i∂iα− α2 f trKˆ, (18)
∂tβ
i = βj∂jβ
i + g Bi, (19)
∂tB
i = βj∂jB
i − ηBi + ∂tΓˆi − βj∂jΓˆi, (20)
being f and g arbitrary functions depending on
the lapse and the metric, and η a constant pa-
rameter.
B. Characteristic structure
Now that the system is complete, it is possi-
ble to calculate its characteristic structure. Here
we use the concept of pseudo-hyperbolicity [31,
32], that relies on a plane-wave analysis applied
to the linearized equations around a background
metric 2. Hence, we consider the line element
ds2 = −α20dt2+γ˜0ij(dxi+βi0dt)(dxj+βj0dt), (21)
and study the dynamics of perturbations over
this background spacetime which propagates
along a given normalized direction si (i.e., such
2 Notice also the work in Ref. [33] that extend these ideas
using pseudo-differential operators.
that γ0ijs
isj = 1). The perturbation for the met-
ric fields {α, βk, γ˜ij , χ} has a plane-wave form,
gab − g0ab = eiωkx
k
g¯ab(ω, t), (22)
where ωk is the wavenumber and ω ≡ ωk sk. An
additional factor iω appears in the perturbations
of the fields {A˜ij , Kˆ,Θ, Γˆi, Bi}, which are first
derivatives of the metric, namely
Kab = i ω e
iωkx
k
K¯ab(ω, t), (23)
Replacing the above mentioned definitions in (8 -
13) one can obtain the following system:
∂tu¯ = −i ω(A− β¯s0I)u¯, (24)
where u¯ is a vector containing the perturba-
tion of the fields, A is the characteristic matrix
and I the identity one. The index s means a con-
traction with the propagation direction si (i.e.,
β¯s0 = siβ¯
i
0). The projection orthogonal to si will
be denoted by the index ⊥.
The system (24) is pseudo-hyperbolic if and
only if the characteristic matrix A has real eigen-
values and a complete set of eigenvectors. There-
fore, with this definition, hyperbolicity of the
system translates into a set of algebraic con-
ditions [34]. The analysis of the characteristic
structure can be simplified by splitting the per-
turbations in different sectors which do not in-
teract (i.e., or at least, not strongly) with the
others.
It is instructive to analyze first the effect of
the term proportional to λ0. There is a sector,
involving only the perturbations of γ˜ and trA˜,
7given by:
∂t
 γ˜
trA˜
 ≈ α
0 2(λ0 − 1)
0 0
 γ˜
trA˜
+ . . . ,
(25)
where ≈ means that only the principal part is
considered. Obviously, for the original choice
λ0 = 0, there is not a complete set of eigenvec-
tors. Then, the system is only weakly pseudo-
hyperbolic system and, consequently, the prob-
lem is ill-posed. The same problem appears for
any other value except for λ0 = 1. Only for this
choice both {γ˜, A˜} are standing modes, imply-
ing that this sector has a complete set of eigen-
vectors. As it is shown next, the other sectors
are also complete, meaning that the full system
is strongly pseudo-hyperbolic. Notice that this
lack of strong hyperbolicity (together with the
unbound growth of the conformal constraints)
prevents to evolve directly the unconstrained
CCZ4, unless the conformal constraints are al-
gebraically enforced during the evolution [35].
We can now study the characteristic struc-
ture of the other modes. The lapse sector, con-
stituted by {α¯, trK¯}, has a complete set of eigen-
vectors with eigenvalues −β¯s0 ± α0
√
f . The lon-
gitudinal shift and energy modes form another
closed sector with a complete set of eigenvectors
including {χ¯, Θ¯, Γ¯s, β¯s, B¯s} with characteristic
speeds given by {−β¯s0,−β¯s0 ±
√
4 g/3χ0,−β¯s0 ±
α0}. The transverse shift sector, including
{β¯⊥, Γ¯⊥, B¯⊥}, is also complete with characteris-
tic speeds {−β¯s0,−β¯s0±
√
g/χ0}. The light sector
also has a complete set of eigenvectors includ-
ing the projections {γ⊥⊥, A¯⊥⊥, γs⊥, A¯s⊥}, with
characteristic speeds {−β¯s0 ± α0}.
Finally, notice that the choice g = 3/4 is es-
pecially delicate because the characteristic veloc-
ities of the longitudinal shift modes collapse to
light speed: no complete set of eigenvectors can
be found, and the strong pseudo-hyperbolicity
of the system is spoiled. This might be a prob-
lem, at least around Minkowski spacetimes, as
it has been reported previously by several au-
thors [31, 36, 37].
C. Klein-Gordon equation
The evolution of a complex scalar field φ is
described by the Klein-Gordon equation
gab∇a∇bφ = dV
d|φ|2φ = V
′φ, (26)
where V (|φ|2) is the potential depending only
on the scalar field magnitude. By using the
3+1 decomposition, and introducing Π ≡ −Lnφ
as a new evolved field, the Klein-Gordon equa-
tion (26) can be written as
∂tφ = β
k∂kφ− αΠ, (27)
∂tΠ = β
k∂kΠ + α
[−γij∇i∇jφ+ Π trK
+ V ′φ
]− γij∇iφ∇jα,
or, by using the conformal fields of the CCZ4
formalism,
∂tΠ = β
k∂kΠ + α
[
−χγ˜ij∂i∂jφ+ χΓ˜k∂kφ
+
1
2
γ˜ij∂iφ∂jχ+ Π trK + V
′φ
]
− χγ˜ij∂iφ∂jα . (28)
8In order to study self-gravitating boson stars
we need to define the stress-energy tensor pro-
duced by this complex scalar field3 [10]
Tab = ∇aφ∗∇bφ+∇bφ∇aφ∗ (29)
−gab
(
gcd∇cφ∗∇dφ+ V
)
,
where φ∗ is the complex conjugate of φ. One
can also take advantage of the U(1) symmetry
to define the Noether charge, given by:
N ≡
∫
Σt
(−naJa)√γ d3x, (30)
where
Ja = igab(φ∗∇bφ− φ∇bφ∗). (31)
The Noether charge can be interpreted as the
number of bosonic particles [9].
III. NUMERICAL TESTS
Our modification of the CCZ4 formalisms
is examined by evolving known solutions –
robust stability, gauge waves and single boson
star–, some of which are included as standard
testbeds [38]. Here we describe first the setup of
our simulations and present the tests results.
A. Setup
We adopt finite difference schemes, based on
the Method of Lines, on a regular Cartesian
3 Notice that there is a difference of a factor 1/2 with
respect to other definitions.
grid. A fourth order accurate spatial discretiza-
tion –satisfying the summation by parts rule–
, together with a third order accurate (Runge-
Kutta) time integrator, are used to achieve sta-
bility of the numerical implementation [39]. To
ensure sufficient resolution within the compact
objects (i.e., boson stars in this work) in an ef-
ficient manner, we employ adaptive mesh refine-
ment (AMR) via the had computational infras-
tructure that provides distributed, Berger-Oliger
style AMR [40, 41] with full sub-cycling in time,
together with an improved treatment of artifi-
cial boundaries [42]. We adopt a Courant pa-
rameter of λc ≈ 0.25 such that ∆tl = λc ∆xl
on each refinement level l to guarantee that
the Courant-Friedrichs-Levy condition is satis-
fied. This code has been used extensively for a
number of other projects and it has already been
rigorously tested.
B. Robust stability test
We first carry out the robust stability test-
bed [32, 43] to confirm the characteristic struc-
ture of our system (8-13). The test consists on a
Minkowski background metric plus a small ran-
dom perturbation in each of the evolution fields,
such that only the principal part and the linear
terms are significant (i.e., the scalar field poten-
tial V and all the damping coefficients are set to
zero in this test). A linear growth on any field
indicates a weakly hyperbolic system. We set a
2D domain [−0.5, 0.5]2 with periodic boundaries
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FIG. 1. Robust stability. L2-norm of |γ˜ − 1| (top
panel) and |Zx| (bottom panel) as a function of time
-in crossing time units-. Some modes increase for
the CCZ4 system with λ0 = 0 (blue dashed line),
showing that this choice leads to a weakly pseudo-
hyperbolic system. These modes (and all others) re-
main constant –a sign of the strong hyperbolicity of
the system– in the other two cases; CCZ4 with λ0 = 1
(black solid line) and CCZ4e (red dotted line), where
the conformal constraints are algebraically enforced.
conditions and N = 100 grid points in each di-
rection. No artificial Kreiss-Oliguer dissipation
is included for this test. As it was shown in sub-
section II B, the hyperbolicity of the system de-
pends on the parameter λ0, so we analyze the ef-
fect of this parameter. Besides, we use f = 2/α,
g = 3/4 and η = 2, that is, the 1 + log slice
with common values for the Gamma-driver shift
condition.
The L2-norms of some constraints are dis-
played in Fig. 1 for three cases. In the first
one (CCZ4e) the conformal constraints are al-
gebraically enforced after each timestep, as it is
currently done in all the flavors of BSSN and
conformal Z4. The other two cases (CCZ4) cor-
responds to λ0 = 0 and λ0 = 1 without any al-
gebraic enforcing. Our simulations show a linear
growth on ||γ˜−1|| that propagates to ||Zx|| and,
eventually, to all the other fields. This linear
growth indicates a lack of strong hyperbolicity
of the system for λ0 = 0. All the norms are con-
stant both for CCZ4e and for CCZ4 with λ0 = 1,
as it is expected for a well-posed system. Hence-
forth, we are going to use the choice λ0 = 1 for
all the forthcoming simulations with CCZ4.
C. Gauge waves
A family of non-trivial exact solutions can be
constructed by performing a coordinate transfor-
mation on {x, t} to Minkowski spacetime. The
resulting line element can be written as [20, 32,
38, 43]
ds2 = −H(x− t)dt2 +H(x− t)dx2 + dy2 + dz2,
where H(x − t) = 1 − A sin [k(x− t)]. We
set an amplitude A = 0.1 and a wave number
k = 2pi/L, being L the size of the domain. This
solution is exact with harmonic slicing and zero
shift, corresponding to the choice f = 1 and
g = 0. The domain for this one-dimensional test
is [0, 1] with periodic boundary conditions and
100 grid points.
L∞-norm for some constraints are shown in
Fig. 2 for four different cases, which can be com-
pared with figure 1 in [20]. In the first two
cases (i.e., BSSN and CCZ4e), the conformal
10
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FIG. 2. Gauge waves. L∞-norm of |γ˜ − 1| (top
panel) and |H| (bottom panel) as a function of time
-in crossing time units -. The BSSN system (red solid
line) and CCZ4 with κc = 0 (green dotted line) dis-
play an unbound growth in some constraints. Both
CCZ4e (black solid line) and CCZ4 with κc = 1 (blue
dashed line) maintain the constraints under control
at least for 100 crossing times.
constraints are algebraically enforced after each
time step. The other two cases correspond to
CCZ4 with either κc = 1/L or κc = 0 (in both
cases κz = 1/L). It is clear that the BSSN for-
mulation fails this test, as both the conformal
and the Hamiltonian constraint suffer exponen-
tial growth. In contrast, all the constraints re-
main under control when using the CCZ4e. The
most important outcome of this test is the fact
that the CCZ4 formulation with κc = 1 is also
stable, meaning that it is not required to en-
force algebraically the conformal constraints to
keep them under control. The last case, CCZ4
with κc = 0, presents a linear growth in the con-
formal constraint |γ˜−1|, which unavoidably will
lead to a failure due to the propagation to other
fields. The same behavior is observed in sim-
ulations on generic spacetimes, indicating that
the choice of the damping coefficients {κz, κc} is
crucial to achieve accurate and stable solutions.
D. Single solitonic boson star
The initial data for complex scalar field con-
figurations in spherical symmetry can be solved
numerically for the static metric [9, 10]
ds2 = −α2(r)dt2 + ψ4(r)(dr2 + r2dΩ2), (32)
by adopting the following harmonic ansatz for
the scalar field
φ(t, r) = φ0(r) e
−iωt. (33)
Within these assumptions the EKG system
reduces to a set of ordinary differential equa-
tions (ODEs) that can be solved by imposing
appropriate boundary conditions (i.e., regular-
ity at the origin and asymptotically flat at large
distances). The equations are further simplified
by using polar-areal coordinates. Therefore, the
standard procedure is to solve the equations in
these coordinates and then perform a (numeri-
cal) coordinate transformation into isotropic co-
ordinates, which can be transformed easily to
Cartesian ones [14].
Different interaction potentials V (|φ|2) lead
to boson stars with different compactness [9].
We are interested in a particular family of very
compact boson stars, commonly known as non-
topological solitonic boson stars [11, 12], where
11
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FIG. 3. Solitonic boson star. The top panel displays
the metric components α(r) (blue solid line) and ψ(r)
(red solid line) for the typical solitonic boson stars
with compactness C ≈ 0.118 used here, compared to
the Schwarzschild solution (dashed lines) in isotropic
coordinates. The bottom panel shows the scalar field
profile φ0(r), which is almost constant in the interior
and decays rapidly at the surface of the star.
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FIG. 4. Solitonic boson star. Evolution of the real
part of φ at r = 0. The solid red line illustrate the
analytically expected value cos(ωt) with ω = 1.0666.
The blue circles show the numerically solution ob-
tained with different evolution systems (i.e., BSSN
and CCZ4), which can not be distinguished by eye in
this plot.
the potential is given by
V (|φ|2) = µ2|φ|2
(
1− 2 |φ|
2
σ20
)2
. (34)
Here σ0 is a constant that determines the com-
pactness of the star and µ is related to the
scalar field mass. By setting σ0 = 0.05 and
the scaling factor µσ0
√
8pi = 1, a suitable sta-
ble equilibrium configuration can be obtained for
φ0(r = 0) = 0.0364 and ω = 1.0666. The result-
ing star has mass M = 0.36 and radius R = 3.08,
so its compactness is C = M/R = 0.118. This
configuration is well inside the stable branch,
since the most massive stable star has a mass
Mmax ≈ 1.84. The profiles of α(r), ψ(r) and
φ0(r) for this particular solution are plotted in
Fig. 3.
This configuration is evolved in a domain
[−16, 16]3 with radiative boundary conditions.
There are 60 grid points in each direction and
three refinement levels, such that the highest
resolution is ∆x = 0.1. The simulations are
performed by using the CCZ4 formulation with
κz = 0.1 and either κc = 1 or κc = 0. We also
include the solutions obtained with the BSSN
formulation for comparison purposes.
The evolution of the scalar field real part
φR(t, r = 0) is displayed in Fig. 4, together with
the expected analytical behavior φ0(r0) cos(ωt).
The solutions for all the cases considered, either
with BSSN or CCZ4, show a very good agree-
ment with the analytical expectation. Differ-
ences arise however in the L2-norm of some con-
straints, plotted in Fig. 5. Both the conformal
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FIG. 5. Solitonic boson star. L2-norm of |γ˜ − 1|
(top panel) and |H| (bottom panel) as a function of
time. The solution obtained with BSSN (red solid
line) shows a small |γ˜−1| constraint as a result of en-
forcing constraint in each integration time-step, but
the Hamiltionian constraint increase over time. The
solutions obtained with CCZ4 are stable if we add the
damping terms for the conformal constraints (black
solid line) –otherwise there is a linear growth in |γ˜−1|
that will lead to a unstable evolution (blue dashed
line).
and the physical constraint remain under control
by using either BSSN or CCZ4 with κz = 0.1 and
κc = 1. However, notice that the errors of the
physical constraints obtained with the CCZ4 and
this parameter choice are several orders of mag-
nitude smaller than the ones obtained by using
BSSN.
IV. DYNAMICS OF SOLITONIC BOSON
STARS
Here the dynamics of binary boson stars is
studied, focusing on the final state of the system
after the merger. We first describe how to con-
struct initial data for a binary boson star system
with generic angular momentum. We consider
several head-on cases, and finish with orbiting
binary systems.
A. Initial data and setup
We extend the procedure describe in [44] to
construct accurate boosted initial data from an
spherically symmetric solution. Our starting
point is the line element given by
ds2 = −α20dt20 + ψ40(dx20 + dy20 + dz20), (35)
where α0 = α0(r0) and ψ0 = ψ0(r0), being
r0 =
√
x20 + y
2
0 + z
2
0 . By performing a Lorentz
transformation t = Γ(t0 + vx0), x = Γ(x0 + vt0)
(being Γ = 1/
√
1− v2), one can obtain
ds2 = −Γ2(α20 − ψ40v2)dt2 + 2Γ2 v (α20 − ψ40)dtdx
+ψ40(B
2
0dx
2 + dy2 + dz2) , (36)
The gauge choice is given by
α =
α0
B0
, βx =
(
α20 − ψ40
ψ40 − α20v2
)
v , (37)
withB0 = Γ
√(
1− v2α20
ψ40
)
. Notice that r0 can be
written in terms of the new coordinates, namely
r0 =
√
Γ2(x− vt)2 + y2 + z2.
Now we only have to perform the Lorentz
transformation to the scalar field quantities.
First, the harmonic ansatz given by eq. (33) can
be generalized, to allow for non-identical boson
stars, by including a phase shift θ and the direc-
tion of rotation  = ±1[9], namely:
φ(t0, r0) = φ0(r0) e
−i(ωt0+θ) (38)
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We can compute the field Π(t, r0) from its
definition, calculated in the boosted frame. The
final expressions, evaluated at t = 0, are
φR (r0) = φ0 (r0) cos(θ − Γvxω), (39)
φI (r0) = −φ0 (r0) sin(θ − Γvxω), (40)
ΠR(r0) =
Γ  ωφ0 (r0) (β
xv + 1) sin(θ − Γvxω)
α
+
Γ2x(βx + v)φ′0 (r0) cos(θ − Γvxω)
αr0
, (41)
ΠI (r0) =
Γ  ωφ0 (r0) (β
xv + 1) cos(θ − Γvxω)
α
− Γ
2x(βx + v)φ′0 (r0) sin(θ − Γvxω)
αr0
. (42)
We are mainly interested on binary systems.
Along the lines described in [16], initial data for
head-on binaries can be constructed as the su-
perposition of two single solitonic boson star so-
lutions, located at positions ri, in the following
way
φ0(r) = φ
(1)
0 (r1)e
−iωt + φ(2)0 (r2)e
−i(ωt+θ) (43)
α(r) = α(1)(r1) + α
(2)(r2)− 1 (44)
ψ(r) = ψ(1)(r1) + ψ
(2)(r2)− 1 (45)
where superindex (i) indicate each star. The ini-
tial data for orbiting binaries can be constructed
in an analogous way, but using the boosted bo-
son star –with velocity v along the x-direction–
as the basic solution and performing the super-
position of all the non-trivial evolution fields.
For the head-on cases each solitonic BS is
centered at (±xc, 0, 0), while that for the orbit-
ing case they are centered at (0,±yc, 0), being
xc = yc = 4. In both cases the cubical do-
main is given by [−60, 60]3 and 120 grid points
in each axis, leading to a coarsest resolution
∆x0 = 1.0. We set five refinement levels such
that the last one, covering both stars, has a res-
olution ∆x4 = 0.0625 (i.e., there are approxi-
mately 96 points covering each star).
Besides the constraints, additional analysis
quantities are evaluated in our binary boson
stars simulations: the Noether charge or boson
number, given by the volume integral eq. (30),
and the ADM mass and angular momentum as
described in the Appendix. The surface inte-
grals, eq. (A5,A6), are computed in a sphere lo-
cated at Rext = 40.
B. Head-on cases
We consider initial data constructed as de-
scribed in the previous subsection with the
ansatz (38) and no boost. Even for a partic-
ular solution (i.e., the one described in sub-
section III D), located at fixed initial positions,
there is an infinite family of configurations de-
pending on the parameters {θ, }. We differenti-
ate two essentially different scenarios: (i) two
identical boson stars, that is, with the same
phase direction of rotation (i.e.,  = +1), that
will be denoted as B-B(θ), and (ii) a binary
formed by a boson and an anti-boson star, de-
noted as B-aB(θ), such that their phases have
opposite rotation direction (i.e.,  = −1) and
their Noether charges have opposite sign. We
consider four different cases for B-B(θ) with
phase shifts θ = {0, pi/2, pi, 3pi/2}, and two for
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FIG. 6. Head-on binary collisions. ADM mass and
Noether charge as a function on time for the differ-
ent cases studied. The boson-boson binaries merg-
ing into a single one losses approximately a 5% of
their initial mass and Noether charge. In contrast,
the boson-antiboson binaries annihilate during the
merger, radiating most of the scalar field (and the
corresponding mass). The total Noether charge for
the B-aB cases is zero through all the evolution.
B-aB(θ) with θ = {0, pi}.
The evolution of the ADM mass and the
Noether charge is presented in Fig. 6, and some
snapshots of the evolution for all cases are dis-
played in Figure 7. Let us start by describing
the dynamics of the binaries formed by two bo-
son stars. The collision of the B-B(0), B-B(pi/2)
and B-B(3pi/2) cases leads to a merger, result-
ing into a single solitonic boson star with roughly
the same total initial mass and Noether charge
(i.e., except a small fraction that is emitted by
gravitational waves and scalar field radiation, see
Fig. 6). However, the scalar field interaction in
the B-B(pi) produces a repulsive force that over-
comes the gravitational attraction. Therefore,
the binary suffers several inelastic collisions be-
fore relaxing to a system with two touching stars
–which do not merge into a single one. The
binaries formed by a boson and an antiboson
star annihilates each other during the merger
for the two extreme phase shifts considered (i.e.,
θ = 0, pi). Most of the scalar field is radiated
away to infinity, and only a small fraction re-
mains near the region of the collision.
C. Orbiting cases
The initial data for the orbiting cases is con-
structed as described in subsection IV for iden-
tical stars (i.e., with  = 1, θ = 0). We have
considered different Lorentz boost velocities v =
{0, 0.05, 0.10, 0.15} along the x-direction. The
last case corresponds to a binary almost in quasi-
circular orbit.
The ADM mass, the Noether charge and
the angular momentum are shown in Fig. 8,
whereas few snapshots of the evolutions are dis-
played in Figure 9. All the cases –with angu-
lar momentum– merge and form a rotating bar
that quickly losses angular momentum and set-
tles down to a non-rotating boson star.
Although the system only losses a small frac-
tion of the mass and the boson number during
the coalescence, all the angular momentum is
emitted by gravitational waves and scalar field
radiation soon after the merger. This prompt
15
FIG. 7. Head-on binary collisions. Time snapshots of the Noether charge in the plane z = 0. Each row
corresponds to the different B-B(θ) and B-aB(θ) cases studied here. The collision of the stars happens
approximately at t = 28. The result of the B-B is a single boson star except in the case of B-B(pi). The
stars in the B-aB case annihilate each other during the merger.
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FIG. 8. Orbital binary collisions. ADM mass (top
pannel), angular momentum Jz (middle panel) and
Noether charge (bottom panel) as a function on time
for the different tangential boost velocities. During
the coalescence approximately 5% of the mass and
Noether charge is lost, and almost all the angular
momentum.
radiation of angular momentum is most extreme
for the system in quasi-circular orbit, corre-
sponding to v = 0.15: after the merger, two
blobs of scalar field are ejected from the system
at almost light speed, carrying a small fraction of
the mass and boson number but a large amount
of angular momentum (i.e., see t = 80 of the
v = 0.15 in Figure 9, and the sudden drop of
angular momentum in Fig. 8).
This behavior can possibly be explained by
the quantization of (adimensional) angular mo-
mentum Jrotz = kN (being k = an integer) for
rotating boson star configurations, which might
be difficult to achieve exactly by a dynamical
merger. The resulting star from the merger
should have at least Jrotz (k = 1) ≈ 0.62 in order
to correspond to a stable rotating boson star (see
the bottom panel of Fig. 8 at t ≈ 50). Although
the (adimensional) angular momentum of the
system Jz/M
2 ≈ 0.78 is larger than Jrotz (k = 1),
the system does not relax to that state but to the
one with the lowest angular momentum k = 0.
Stated in a different way, the system does not dy-
namically evolve towards a rotating boson star
configuration, but towards a non-rotating one.
Although this seems in contradiction with
the results in [17], where a rotating boson star
seemed to be produced, there are two impor-
tant differences. First, these stars are much
more compact, so the dynamics might be more
dominated by non-linear gravitational effects.
Second, due also to the high compactness, the
dynamics is faster (i.e., the crossing time is
shorter), so we can follow the evolution until a
stationary state is achieved, which might not had
been possible with the mini-boson stars.
Finally, the evolution of some constraints is
displayed in Fig. 10, showing that they are small
and kept under control during all the simulation.
V. CONCLUSIONS
In this work we have studied the merger of
binary compact boson stars, focusing on two
different cases: head-on collisions of boson-
boson/boson-antiboson for a wide range of shift
phases, and orbital mergers of identical stars
with different velocities.
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FIG. 9. Orbital binary collisions. Noether charge in the plane z = 0 for the different boost velocities
v = {0, 0.05, 0.10, 0.15}. The merger between solitonic boson stars happens approximately at t ≈ 30 for the
cases v = {0, 0.05, 0.10} and at t ≈ 40 for the quasi-circular orbit case v = 0.15. For the latter case, after
the merger two blobs of scalar field take away a large fraction of the angular momentum from the system.
These simulations have been performed by
solving the Einstein-Klein-Gordon system with a
novel modification of the CCZ4 formalism which
does not require the algebraic enforcement of
the conformal constraints after each step of the
numerical integration. Our formulation treats
these conformal constraints in the same way
than the physical ones, and they are also kept
under control by including damping terms. We
have studied the pseudo-hyperbolicity of the evo-
lution system using a linear plane-wave analy-
sis to show that, only for the preferred choice
λ0 = 1, the system has a complete set of eigen-
vectors with real eigenvalues. Therefore, the
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and the energy-momentum (green solid) constraints
as a function of time. With our choice of the damp-
ing parameters, all the constraints are perfectly under
control during all the simulation.
linearized system is well posed, provided that
λ0 = 1. We have performed some standard nu-
merical tests to check the robustness of our im-
plementation, including the evolution of an iso-
lated solitonic boson star. Our numerical re-
sults –stable evolutions with small and bounded
constraints– confirm the analytical analysis.
Within this formulation we have studied bi-
nary solitonic boson stars systems with and
without angular momentum. All the binary sys-
tems considered were constituted by two equal-
mass solitonic boson stars. In the head-on cases
we allowed for non-identical boson stars with
different rotation and shift phase. Our simu-
lations show that the merger of a boson-boson
binary leads, in general, to another solitonic bo-
son stars. However, when the phase shift ap-
proaches pi, the scalar field interaction is repul-
sive and stronger than gravity, preventing the
merger of the two stars. The merger of a boson
star and an anti-boson star completely annihi-
lates each other for any of the phase shift consid-
ered. This behavior, combined with the results
described in [16, 17], allow us to hypothesize that
the generic behavior during the collision of a bo-
son and an antiboson star is the annihilation of
both, independently on the interaction potential
and the phase shift, producing large amounts of
unbound scalar field that is radiated to infinity.
In the scenario of orbital binaries, our stud-
ies with identical boson stars revealed that the
merger always lead to the formation of a rotating
bar which sheds quickly all its angular momen-
tum by emitting scalar field and gravitational
waves, to finally relax into a non-rotating boson
star. This inability to form a rotating boson star
from a merger might be due to the angular mo-
mentum quantization of the rotating solutions.
Of particular interest is the case with the highest
angular momentum considered, leading roughly
to a system in quasi-circular orbits. In this case,
soon after the merger, two blobs of scalar field,
carrying away small amount of Noether charge
but large fraction of angular momentum, were
expelled from the remnant almost at light speed.
Future studies will further study orbital bi-
nary systems by considering different masses and
analyzing the gravitational waves produced dur-
ing the coalescence.
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VI. APPENDIX
Appendix A: Analysis quantities
Hence, the three dimensional Christoffel sym-
bols tensor can be written in function of confor-
mal metric as:
Γijk = Γ˜
i
jk − 1
2
[
∂j lnχ γ˜
i
k + ∂k lnχ γ˜
i
j
− ∂m lnχ γ˜jk γ˜im
]
(A1)
Besides, the BSSN conformal [22] connections is
defined by
Γ˜i = γ˜jk Γ˜ijk = −∂j γ˜ij . (A2)
There are several analysis quantities in the
CCZ4. The first term of the momentum con-
straint can be computed directly from this rela-
tion
∇nKni = γmn∇mKni
= γ˜mn∂mA˜ni − Γ˜lmiA˜ml − Γ˜lA˜li
− 3
2χ
A˜ni∂nχ+
1
3
∂itrK, (A3)
Assuming that θ = Zi = 0, we have
that Hamiltonian and momentum constraint are
given by
H = R+ 2
3
(trK)2 − A˜ijA˜ij − 16piGρ
Mi = γ˜jk∂jA˜ki − Γ˜jkiA˜kj − Γ˜jA˜ij (A4)
− 3
2χ
A˜ji∂jχ−
2
3
∂itrK − 8piGS˜i
χ
Other interesting quantities are ADM mass
and angular momentum, they can be computed
by performing a surface integral at spatial infin-
ity
MADM ≡ 1
16pi
lim
r→∞
∫
S
γij (∂jγik − ∂kγij) dSk
=
1
8pi
lim
r→∞
∫
S
(
γ˜ik∂kχ+
χ
2
Γ˜i
)
dSi (A5)
J iADM ≡
1
8pi
lim
r→∞
∫
S
ijkxjKkldS
l (A6)
=
1
8pi
lim
r→∞
∫
S
φˆjχ
(
A˜ji +
γ˜ji
3
trK
)
dSi
in terms of the conformal quantities, where φˆj =
(−y, x, 0) is the cartesian coordinate basis axial
vector. The surface element is given by
dSi =
xi
r
χ−3/2r2sinθdθdφ (A7)
Other interesting analysis integral quantities,
which are exact for stationary and stationary
spacetimes, are the Komar mass and angular
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momentum [45]:
MK ≡ 2
∫
Σt
(
Tab − 1
2
trT gab
)
naζbt
√
γ d3x
JzK ≡ −
∫
Σt
(
Tab − 1
2
trT gab
)
naζbϕ
√
γ d3x
where ζat = (1, 0, 0, 0) and ζ
a
ϕ = (0, φˆ
i/||φˆi||) are
the time-like and the axial Killing vectors.
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